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1. INTRODUCTION 
A primitive irreducible character of a finite group is one which, by 
definition, is not induced from any character of a proper subgroup. The 
question has arisen as to whether or not a multiple of a primitive 
irreducible character can be induced from a proper subgroup. For solvable 
groups, at least, we can decide this question. The answer is “no.” 
THEOREM A. Let x E Irr(G) be primitive and assume that G is p-solvable 
for each prime p dividing x( 1). Zf Hc G and t: E Char(H) with tG = ax for 
some integer a, then H = G. 
Our statement of Theorem A assumes slightly less than that G is 
solvable, but we pay a price for that extra generality: we must appeal to the 
classification of simple groups. Actually, the extra work required in this 
paper for the sake of not quite assuming that G is solvable is negligible. We 
merely quote the theorem [2] that groups of central type are solvable. All 
of the actual use of the list of simple groups and their properties occurs in 
the proof of that result. 
It would be nice if no solvability assumption at all were needed in 
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Theorem A. The authors are unaware of any counterexample, but have not 
made a serious attempt to resolve the issue. 
It is mildly interesting, though perhaps not especially surprising, that 
multiples of characters, even primitive irreducible characters, can often be 
induced from generalized characters (i.e. differences of characters) of proper 
subgroups. 
THEOREM B. Let x E Char(G) and suppose that H c G and that x(g) = 0 
whenever g E G is not conjugate to any element of H. Then ax = 5” for some 
positive integer a and some generalized character [ of H. 
THEOREM C. Let G be solvable and suppose x E Irr(G) has odd degree. 
Then there exist H s G, a character J/ E Char(H), and a positive integer a 
such that 
(a) all values of + are nonzero and (l/e)‘= x and 
(b) a/$ is a generalized character of H. 
Note that in the situation of Theorem C, we have 5” = ax where 5 = a/$. 
Also, x( 1) = (l/$( 1 ))I G: H 1 and so x( 1) divides ( G: HI. In particular, if 
x(1)51, then H<G. 
2. THEOREM A 
We begin with a general (and easy) lemma. 
(2.1) LEMMA. Let H c G and suppose 5 E Irr(H) and x E Irr(G). Assume 
that tG=ax. Then 
(a) a*< IG: H(. 
(b) Equality holds above ijjf xH = at. 
(c) rf equality occurs, then x(g) = 0 whenever g E G - H. 
ProoJ By Frobenius reciprocity, at is a constituent of xH and so 
x(l)>at(l). Now 
and part (a) follows. Also, we see from this that equality holds in (a) iff 
x( 1) = a(( 1) and so (b) follows. 
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Assuming equality in (a), we have xH= a< and so [x,,, xH] =a*. 
Therefore 
c I~~~~12=l~lC~~~1-l~IC~~~~~1 
REG-H 
=IGI-u*)Hl 
=o 
and this proves (c). 1 
(2.2) COROLLARY. Let Hc_ G and x E Irr(G) with a~ = 5” for some 
<EChar(H). If(x(l), (G:Hl)=l, then H=G. 
Proof. We may clearly assume that 5 is irreducible. We have 
[( l)[ G : H 1 = a~( 1) and it follows from the coprimeness assumption that 
I G: H ( divides a. By 2.1 (a), we have ( G : H( > u* and we conclude that 
\G:HI=l. 1 
One might be tempted, in view of 2.2, to guess that if tG =a~ with 
x E Irr(G) and 5 E Char(H), then 1 G: HI can have no prime divisor not 
dividing x( 1). A moment’s thought shows that this is wrong since, for 
instance, we could take G = A, of order 12 and HE G of order 2. Then 
AC = 21( where /z E Irr( H) is nontrivial and 1 E Irr( G) with x( 1) = 3, and yet 
(G:HJ=6. 
Recall that if N a G and if 5 E Irr(N) and x E Irr(G) with xN = et and 
e* = / G : N 1, then we say that 1 and 5 are fully ramified with respect to 
G/N. In this situation, it is easy to see that 4’ = eX and that x vanishes on 
G - N. 
(2.3) LEMMA. Let G = KH with K a G and L = K n Ha G. Assume that 
(I K: LJ, I H: L\)= 1 and that C,,,(K/L)= 1. Let B~1rr(K) and cp~Irr(L) 
he G-invariant and let [ E Irr(H ( cp) and x E Irr(G ( 0). Suppose that tG is a 
multiple of x. Then 5 and cp are fully ramified with respect to H/L. 
Proof: We see that qK is a constitutent of (<L)K= (tG)K which is a mul- 
tiple of xK and hence is a multiple of 8. Writing qK = bfI, we have 8, = bq 
since cp is invariant in K. By Lemma 2.1(b), we conclude that b* = ( K: L 1 
and so 
Now let 71 denote the set of prime divisors of I K: L 1 so that by 
hypothesis ) G: K ( = I H: L ( is a rc’-number. Since x lies over 8, we know 
(by Corollary 11.29 of [4]) that x(1)/0(1) divides (G: KI and it follows 
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that x( 1 ), = 0( I),. (As is customary, a positive integer subscripted by ‘3~” 
denotes the n-part of the integer.) Similarly, t(l), = cp( l),. 
Writing 5” = ax, we have 
a,e(1),=a,X(1),=5G(1),.=5(1), IG: HI 
=cp(lL IK: Ll 
= e( 1 ), 1 K: L ( 1’2 
and so we have a,= JK: LI”*= /G:H(‘j*. By 2.1(a), we have 
Since a, d a, equality occurs and 2.1 (c) tells us that x vanishes on G - H. 
Since x is a class function, we see that x(g) = 0 unless g E core,(H). 
Since C,,(K/L) = 1, it follows that core,(H) = L and thus x vanishes on 
G - L. Because we know that xH = a{ by 2.1(b), we conclude that 5 
vanishes on H - L. 
Now (Pi and 5 both vanish on H-L and both give multiples of cp when 
restricted to L and thus qH = e[ for some integer e. Then tL =ecp by 
Frobenius reciprocity and e* = ( H: L 1 by 2.1(b). In other words, 5 and cp 
are fully ramified with respect to H/L. 1 
(2.4) COROLLARY. Assume the situaton of Lemma 2.3. If H/L is cyclic, 
then H = L. 
ProoJ: If H/L is cyclic, then an irreducible consitituent of (Pi is an 
extension of cp. Thus 5( 1) = cp( 1) and 
IH:LI =(~(l)/cp(1))*= 1. I 
(2.5) COROLLARY. (Assuming simple group classifi:cation). Assume the 
situation of Lemma 2.3. Then H/L is solcable. 
Proof: We know that r is fully ramified with respect to H/L. By [2], 
this can happen only if H/L is solvable. 1 
Proof of Theorem A. Suppose the result is false and that we are 
working in a counterexample where I G: core,(H)] is as small as possible. 
It is clear that in addition, we may assume that H is a maximal subgroup 
of G and that c is irreducible. 
Let L = core,(H) and note that L c H < G so that we can choose a chief 
factor K/L of G. Since K @ H and His maximal, we have KH = G and thus 
I G: H) = 1 K: Kn HI and this divides 1 K: L 1. By Corollary 2.2, some prime 
divisor p of x( 1) must divide ((G: H 1 and thus p I ( K: L / . Since G is 
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p-solvable by hypothesis, we conclude that K/L is an elementary abelian 
p-group and it follows that H n K 4 G and so H n K = L. 
Now if K = G, then H = 1, q G and ( G: H ( = p. It follows in this case, 
since 5” has the unique irreducible constituent x, that tG = x and this con- 
tradicts the primitivity of x. We conclude that K < G and we can choose a 
chief factor MJK of G. Write N = M n H and note that C,,,(K/L) 4 GIL. 
Since H/L contains no nontrivial normal subgroup of G/L (because 
L = core,(H)), we conclude that C,,,(K/L) = 1. 
If M/K is a p-group, then so too is M/L and hence 
1 < (K/L) n Z(M/L) 4 G/L, 
and it follows that K/Lc Z(M/L) and so N/L= C,,,(K/L)= 1, a con- 
tradiction. It follows that M/K is a $-group, since G is p-solvable. 
Since x is primitive, each of xM, xK, and xL must have a unique 
irreducible constituent and we name these [, 0, and cp, respectively. Let 
q be any irreducible constitutent of 5,. Now vM is a constituent 
of (5,)“” = (tG)M = axM which is a multiple of [. It follows that qM is a 
multiple of [. 
At this point, we have established that the hypotheses of Lemma 2.3 hold 
in the group M (with M, N, [, q in place of G, H, x, l). It follows that cp 
and q are fully ramified with respect o N/L which is solvable by 2.5 and 
noncyclic by 2.4. Since NJL 2 M/K, a chief factor of G, it follows that N/L 
is an elementary abelian q-group for some prime q #p. 
Using the theory of projective representations, and in particular, charac- 
ter triple isomorphisms (see Chapter 11 of [4]), we can assume that 
L E Z(G). To see this, we replace the character triple (G, L, cp) by an 
isomorphic triple (G*, L*, cp*) where q*(l)= 1 and ‘p* is faithful. One 
must observe that the character x* of G* corresponding to x is primitive. 
To prove this, note that by the properties of character triple isomorphisms, 
x* is not induced from any proper subgroup of G* which contains L* since 
1 is not induced from any proper subgroup of G which contains L. Also, 
since L* c Z(G*), x* is certainly not induced from any subgroup of G* 
which does not contain L*. 
Note that no multiple of x can be induced from any proper subgroup 
X< G with X2 K since 
IG:core,(X)I<jG:KI<(G:L(=JG:core,(H)( 
and this would contradict our original choice of H. It follows that 5 is 
primitive for if 5 = $” with II/ E Irr( Y) and Y 5 H, then ax = I++” = (I/J”‘)” 
and so KY= G. However, since II/” is irreducible, we have Yz Z(H) 3 L 
and it follows that Y = KY n H = H, proving that r is primitive, as claimed. 
Since r is primitive and H is p-solvable, we can write 4 = ~~fi where u is 
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p-special and fi is p’-special. (See, for instance, [S].) Writing PE Syl,(K), we 
note that P 4 G since K is nilpotent and we have P n HE O,(H) E ker /?. 
Since PH = G, there is a natural extension BE Irr(G) of p with P E ker /? 
and we have 
If y is any irreducible constituent of a’, then yj? is a constituent of a~ and 
so is a multiple of x. It follows that we cannot have y = II/” with $ E Irr(X) 
and Kc A’< G, for otherwise ($flX)G = 78, a multiple of x, and we have 
seen that this is impossible. In particular, y,,, must be homogeneous 
since otherwise, by the Clifford correspondence, y would be induced 
from a proper subgroup containing M. Since yM is homogeneous for 
every irreducible constituent y of aG, it follows that all of the irreducible 
constituents of (cY”)~ are G-invariant. 
Write c = 8,. Then g is irreducible and G-invariant and since M/P is a 
@-group, cr has a unique p-special (canonical) extension 6 E Irr(M) and 6 is 
G-invariant. Now xP is a multiple of (T and thus (SpnJP is a multiple of g. 
Since 5 = c$ and P n L c ker 8, it follows that (clP, L)P is a multiple of d 
and thus every irreducible constituent of (E’),+, lies over cr. In fact, since 
O,,(L) s ker LX, we see that O,.(L) is contained in the kernel of every 
irreducible constituent of (aG), and thus these constituents lie not only 
over 0, but in fact over (c?)~ (since K= PO,.(L)). 
It follows that each irreducible constituent of (cc”),,, has the form 86 
for some uniquely determined 6 E Irr(M/K). We have seen, however, that 
each irreducible constituent of (~r”)~ is G-invariant and thus each of the 
characters 6, above, is G-invariant. 
Since M/K is a chief factor of G and is known to be abelian but not 
cyclic, the only G-invariant 6 E Irr(M/K) is the principal character, and we 
conclude that (u”)~ is a multiple c?. 
Let t be any irreducible constituent of c(~. Then rM is a multiple of d and 
we are again in the situation of Lemma 2.3. (This time, (d)K plays the role 
of 0 and the unique irreducible constituent of a, is in the role of cp.) We 
conclude that z is fully ramified with respect to N/L. This is a contradic- 
tion, however, since rL is irreducible becuse T is p-special and N/L is a 
PI-group. H 
3. THEOREMS B AND C 
The key lemma here is the following. 
(3.1) LEMMA. Let $ be a generalized character of G and assume that 
Ii/(g) # 0 for all g E G. Then there exists a nonzero integer a such that a/II, is 
a generalized character. 
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Since the conclusion of Lemma 3.1 is equivalent to the assertion that the 
function (l/$): G -+ @ is a rational linear combination of Irr(G), it is 
natural to prove 3.1 by appealing to Lemma 3.2 of cl], which gives a 
necessary and sufficient condition for a class function to be such a linear 
combination. In fact, it is a triviality to see that a function IJ satisfies the 
condition iff l/11/ satisfies it, and this yields a proof of 3.1. 
At the suggestion of the referee, we shall give a different proof of 3.1 
which provides an explicit integer a. The improved version is the following. 
(3.2) LEMMA. Let $ be as in 3.1 and let a = & Ii/(g), where g runs over 
a set of representatives for the conjugacy classes of G. Then a E Z and a/$ is 
a generalized character. 
Proof: Write cf(G) to denote the C-space of class functions of G. The 
map T: cf(G) + cf(G) defined by T(q) = cp$ is an invertible linear operator 
on cf(G) and its matrix M with respect o the basis Irr(G) has entries in Z. 
The space cf(G) has another basis: the characteristic functions of the 
classes. With respect o this basis, the matrix of T is diagonal, with entries 
equal to the various $(g). Therefore, a = det( T) = det(M) E Z. 
Now M-’ = (l/a) M* where M* is the “classical adjoint” of A4 and so 
has integer entries. It follows that aM-’ has integer entries and thus 
UT-‘(1 (;) is a Z-linear combination of Irr(G). Since aT-‘( lG) = a/$, the 
proof is complete. 1 
Proof of Theorem B. Let rc = (1,)’ and note that this permutation 
character has nonzero values on H. Define the class function o! on G by 
i 
V-G) 
es)= o 
if n(g)#O 
if rt(g)=O 
and observe that Ann = x. To see this, note that both cr~n and x vanish on 
elements gE G which are not conjugate to elements of H and that 
x(g) n(g) = 1 for the remaining g E G. 
Now 
x = YP = (v)(lff)G = ((Q)HIH)G = (~,Xff)G. 
By Lemma 3.1, aaH is a .generalized character of H for some positive 
integer a and thus 5 =~cY,x~ is also a generalized character. We have 
5” = ax, as required. B 
Proof of Theorem C. Work by induction on 1 Gl to show that x = 
(l/11/)” for some nonvanishing $ E Char(H) and HE G. Once this is proved, 
we are done since part (b) follows from 3.1. 
If x is imprimitive, write x = vG with q E Irr(K) and Kc G. Since q( 1) is 
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odd, we can find (by the inductive hypothesis) Hs K and nonvanishing 
J/ E Char(H) such that ( l/$)K = u. Then (l/G)” = qG = x as required. 
Now suppose x is primitive. If x( 1) = 1, we can take H = G and II/ = X 
and there is nothing further to show. Suppose, then, that x( 1) > 1 so that 
xr. is reducible for some L (1 G and choose L as large as possible with this 
property. Then L < G and we can choose a chief factor K/L of G. We have 
6 = xK E Irr(K) and 8, = ecp for some p E Irr(L) and integer e > 1 (since x is 
primitive). By Theorem 6.18 of [4], we have e* = 1 K: L 1 and 8 is fully 
ramified with respect to K/L. Also, since x(1) is odd, we see that e is odd 
and so K/L is an elementary abelian p-group with p # 2. 
The theory of [3] now applies and we can find a subgroup U E G, a 
character q E Irr( U), and a character /? E Char(G/K) such that UK= G, 
U n K = L, yc- = /?x, and I fi( g)12 = 1 C,,( g)l for all g E G. In particular, B is 
nonvanishing. 
Now U< G and ‘I( 1) is odd and so in = (l/$)” for some nonvanishing 
II/ E Char(H) with H c U. Then fiH$ is nonvanishing and we have 
(+J)G=($)($)G=($)~G=(jJ8x=Y. I 
4. FURTHER REMARKS 
If G is solvable, H < G and 5 E Char(H); and if tG = a~ for some integer 
a and x E Irr(G), then by Theorem A, we know that x cannot be primitive 
and so x = @ for some v E Irr(X) with X< G. It is tempting to conjecture 
that this can be done so that X2 H, but this is false. 
To construct a counterexample, let P and Q be nonabelian of orders p3 
and q3 respectively, where p and q are primes such that q I (p + 1) and q > 2. 
Let Q act nontrivially on P, centralizing Z(P). (Take P to be of exponent p 
or Pr Q8 to ensure that this is possible. Note that ) C,(P)1 = q2.) Let 
G = P >Q  and note that Z = Z(G) has order pq. 
Let 1 be a faithful linear character of Z and note that 1” has a unique 
irreducible constituent x and that x( 1) = pq. Let H = Z(P) Q and let t be 
the unique irreducible constituent of iH. Then 5(1)=q and 5’ must be a 
multiple of x so that we have t” =px. 
Now P/Z(P) is a chief factor of G since q f (p - 1) and it follows that H 
is maximal in G. The character x is not induced from H since any character 
which induces 1 must lie over I and the only irreducible character of H 
with this property is 4. 
By Theorem A, x must be imprimitive and indeed, it is easy to see that x 
is induced from each of the subgroups of index q and, in fact, x is 
monomial. 
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The hypothesis is Theorem C that x( 1) is odd cannot be dropped. If 
G =GL(2, 3) and x~Irr(G) is faithful with x(1) = 2, then x has nonzero 
values on all elements of order 3 and of order 8. No proper subgroup, 
however, can contain both an element of order 3 and one of order 8 and 
so there is no H < G with the property that x(g) = 0 whenever g is not 
conjugate to any element of H. 
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